A diophantine problem concerning cubes  by Choudhry, Ajai
Journal of Number Theory 110 (2005) 403–412
www.elsevier.com/locate/jnt
A diophantine problem concerning cubes
Ajai Choudhry∗
High Commission of India, P.O. Box 439, M.P.C., Airport Lama, Berakas, Bandar Seri Begawan, BB
3577, Brunei
Received 17 February 2004; revised 19 June 2004
Communicated by D. Goss
Abstract
This paper deals with the problem of ﬁnding n integers such that their pairwise sums are
cubes. We obtain eight integers, expressed in parametric terms, such that all the six pairwise
sums of four of these integers are cubes, 9 of the 10 pairwise sums of ﬁve of these integers
are cubes, 12 pairwise sums of six of these integers are cubes, 15 pairwise sums of seven of
these integers are cubes and 18 pairwise sums of all the eight integers are cubes. This leads
to inﬁnitely many examples of four positive integers such that all of their six pairwise sums
are cubes. Further, for any arbitrary positive integer n, we obtain a set of 2(n + 1) integers,
in parametric terms, such that 5n+ 1 of the pairwise sums of these integers are cubes. With a
choice of parameters, we can obtain examples with 5n+ 2 of the pairwise sums being cubes.
© 2004 Elsevier Inc. All rights reserved.
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1. Introduction
According to Guy [3, p. 170], Erdo˝s and Leo Moser had asked the following question
concerning squares:
“Are there, for every n, n distinct numbers such that the sum of any pair is a
square?”
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While this problem has been studied by various authors [3, p. 171], the analogous prob-
lem regarding kth powers (k3) has not received much attention. According to Dickson
[2, p. 561], Lenhart obtained a single example of four positive integers involving 22
and 24 digits such that all of their six pairwise sums are cubes, Evans and Matteson
separately obtained Lenhart’s numerical example by another method, while Brocard and
Escott independently gave two different numerical examples of four numbers, not all
positive, such that all of their six pairwise sums are cubes.
It seems that for kth powers, (k3), it would be more appropriate to deal with the
following variation of the above problem:
“For an arbitrary positive integer n, how many of the n(n+ 1)/2 pairwise sums of
n distinct integers can be perfect kth powers?”
It is readily seen that if we have n distinct rational numbers such that m of the pairwise
sums are kth powers of rational numbers, we may multiply all of the rational numbers
by a suitable kth power to obtain n integers with m pairwise sums being perfect integral
kth powers. Further, for any integers x1, x2, x3 and k, we may choose
a1 = 12 (−x
k
1 + xk2 + xk3 ), a2 =
1
2
(xk1 − xk2 + xk3 ), a3 =
1
2
(xk1 + xk2 − xk3 ), (1)
when the three pairwise sums of a1, a2, a3 are perfect kth powers. In addition, if there
exist integers y1, y2, y3 and s such that
s = xk1 + yk1 = xk2 + yk2 = xk3 + yk3 , (2)
we may take a4 = s − (xk1 + xk2 + xk3 )/2, when all the six pairwise sums of a1, a2, a3
and a4 are perfect kth powers. It is also readily seen that (2) is a necessary condition
for the six pairwise sums of four numbers to be perfect kth powers. At present, no
non-trivial solutions of (2) are known for k4. For any odd value of k, we may take
the trivial solution xi = −yi, i = 1, 2, 3, to get four numbers whose six pairwise
sums are kth powers. This solution necessarily involves negative numbers.
This paper deals with the problem mentioned above for kth powers when k =
3. In Section 2, we obtain several diophantine chains of cubes and we use these
diophantine chains in Section 3 to obtain, in parametric terms, sets of integers having
numerous pairwise sums as cubes. Speciﬁcally, in Section 3.1 we obtain eight integers
in parametric terms such that all the six pairwise sums of four of these integers are
cubes, all but one of the 10 pairwise sums of ﬁve of these integers are cubes, 12
pairwise sums of six of these integers are cubes, 15 pairwise sums of seven of these
integers are cubes and 18 pairwise sums of all the eight integers are cubes. With a
suitable choice of parameters, we obtain inﬁnitely many examples of four positive
integers such that all of their six pairwise sums are cubes. In Section 3.2 we construct,
for any arbitrary positive integer n, a set of 2(n+1) integers, given in parametric terms,
such that 5n+1 of the pairwise sums of these integers are cubes. With a suitable choice
of parameters, we can obtain numerical examples with 5n + 2 of the pairwise sums
being cubes.
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2. Diophantine chains of cubes
In Section 2.1, we give three new parametric solutions to the problem of ﬁnding
three equal sums of two cubes and in Section 2.2 we show how to obtain an arbitrarily
long diophantine chain of cubes of positive integers satisfying certain inequalities.
2.1. Three equal sums of two cubes
Dickson [2, p. 561–562] and Guy [3, pp. 140–141] have quoted the solutions obtained
by several authors to the problem of ﬁnding integers xi, yi, i = 1, 2, 3, such that
x31 + y31 = x32 + y32 = x33 + y33 . (3)
It seems however that explicit parametric solutions of (3) have so far not been published.
We give below three parametric solutions of (3).
A solution of (3) is given by
x1 = a4 + 2a3b + 3a2b2 + 2ab3 + b4 − (a − b)c3,
y1 = c(a3 − b3 − c3),
x2 = a4 + 2a3b + 3a2b2 + 2ab3 + b4 + (2a + b)c3,
y2 = −c(2a3 + 3a2b + 3ab2 + b3 + c3),
x3 = a4 + 2a3b + 3a2b2 + 2ab3 + b4 − (a + 2b)c3,
y3 = c(a3 + 3a2b + 3ab2 + 2b3 − c3),
(4)
where a, b, c are arbitrary parameters. To prove this, we note that when x1, y1, x2, y2
are deﬁned by (4), it follows from a theorem given by Choudhry [1, Theorem 1, p.
1252] that x31+y31 = x32+y32 . In this identity, if we now interchange a and b and replace
c by −c, then x1, y1 are unaltered while x2 and y2 become x3 and y3, respectively.
This shows that x31 + y31 = x33 + y33 , and the solution (4) of (3) is thus established.
A second solution of (3) is given by
x1 = (a2 + ab + b2)m4 − (2a2 + 2ab − b2)mn3,
y1 = (2a2 + 2ab − b2)m3n− (a2 + ab + b2)n4,
x2 = (a2 + ab + b2)m4 + (a2 + 4ab + b2)mn3,
y2 = −(a2 + 4ab + b2)m3n− (a2 + ab + b2)n4,
x3 = (a2 + ab + b2)m4 + (a2 − 2ab − 2b2)mn3,
y3 = (−a2 + 2ab + 2b2)m3n− (a2 + ab + b2)n4,
(5)
where a, b, m, n are arbitrary parameters. When x1, y1, x2, y2 are deﬁned by (5), it
is readily veriﬁed by direct computation that x31 + y31 = x32 + y32 . In this identity, if
we now replace a by a + b and b by −b, then x1, y1 are unaltered while x2 and y2
406 A. Choudhry / Journal of Number Theory 110 (2005) 403–412
become x3 and y3, respectively. This shows that x31 + y31 = x33 + y33 , and the solution
(5) of (3) is thus established.
A third solution of (3) is given by
x1 = (m3 + n3){−3m5n2a2 + 3m6nab − (m7 −mn6)b2},
y1 = (m3 + n3){3m4n3a2 − (6m5n2 − 3m2n5)ab
+(2m6n− 3m3n4 + n7)b2},
x2 = (m3 + n3){−3m5n2a2 + (3m6n− 6m3n4)ab
−(m7 − 3m4n3 + 2mn6)b2},
y2 = (m3 + n3){3m4n3a2 + 3m2n5ab − (m6n− n7)b2},
x3 = (−3m8n2 + 6m5n5)a2 + (3m9n− 9m6n4 + 6m3n7)ab
−(m10 − 2m7n3 + 5m4n6 −mn9)b2,
y3 = (−6m7n3 + 3m4n6)a2 + (6m8n2 − 9m5n5 + 3m2n8)ab
−(m9n− 5m6n4 + 2m3n7 − n10)b2,
(6)
where a, b, m, n are arbitrary parameters. To obtain the solution (6), we ﬁrst solve
the equation
X31 + Y 31 = X32 + Y 32 , (7)
by substituting X1 = at + m, Y1 = bt + n, X2 = ct + m, Y2 = n in (7), transposing
all terms to the left-hand side, and choosing c such that the coefﬁcient of t becomes
0 when the equation is readily solved to get a non-zero value of t. This leads to the
following solution of (7):
X1 = −3m5n2a2 + 3m6nab − (m7 −mn6)b2,
Y1 = 3m4n3a2 − (6m5n2 − 3m2n5)ab + (2m6n− 3m3n4 + n7)b2,
X2 = −3m5n2a2 + (3m6n− 6m3n4)ab − (m7 − 3m4n3 + 2mn6)b2,
Y2 = 3m4n3a2 + 3m2n5ab − (m6n− n7)b2,
(8)
where a, b, m, n are arbitrary parameters. In this solution, if we now replace a by
{m2(m3 − 2n3)a + n2(2m3 − n3)b}/{m2(m3 + n3)} and b by {3m4na − m2(m3 −
2n3)b}/{m2(m3 + n3)}, then X1 and Y1 are unaltered, while X2 and Y2 become X3
and Y3, respectively, where
X3 = {(−3m8n2 + 6m5n5)a2 + (3m9n− 9m6n4 + 6m3n7)ab
−(m10 − 2m7n3 + 5m4n6 −mn9)b2}/(m3 + n3),
Y3 = {(−6m7n3 + 3m4n6)a2 + (6m8n2 − 9m5n5 + 3m2n8)ab
−(m9n− 5m6n4 + 2m3n7 − n10)b2}/(m3 + n3).
(9)
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We thus get the diophantine chain X31 + Y 31 = X32 + Y 32 = X33 + Y 33 and, on clearing
denominators, we get the solution (6) of (3).
2.2. An arbitrarily long diophantine chain
We will now show how to obtain, for any arbitrary positive integer n, a diophantine
chain of cubes,
x31 + y31 = x32 + y32 = x33 + y33 = · · · = x3n + y3n, (10)
where xi, i = 1, 2, . . . , n are positive rational numbers that are nearly equal, and
yi, i = 1, 2, . . . , n are also positive rational numbers that are nearly equal. Further,
the numbers x31 , x32 and x33 satisfy the triangle inequality and in addition,
2(y31 + y32 + y33) > x31 + x32 + x33 . (11)
A solution of (10) in positive integers, satisfying the above inequalities, is obtained by
multiplying the rational solution of (10) already obtained by a suitable integer.
A method of obtaining a solution of (10) in integers, whether positive or negative,
has been given by Silverman [5]. While this method is expected to lead to a solution of
(10) in positive integers, this is not proved in [5]. A proof that there exists a solution
of (10) in positive integers has been given by Hardy and Wright [4, Theorem 412, p.
333]. We give a slightly different proof. If p and q are arbitrary rational numbers, we
have the following well-known identity obtained by Vieta (as quoted by Dickson [2, p.
550]):
p3 + q3 = 31(p, q)+ 31(p, q), (12)
where
1(p, q) = p(p3 + 2q3)/(p3 − q3), 1(p, q) = −q(2p3 + q3)/(p3 − q3). (13)
In the identity (12), p and q are arbitrary parameters, and hence we can replace them
by 1(p, q) and 1(p, q), respectively, to get an identity
31(p, q)+ 31(p, q) = 32(p, q)+ 32(p, q), (14)
where
2(p, q) =
q(2p12 + 4p9q3 + 12p6q6 + 10p3q9 − q12)(2p3 + q3)
(p12 + 14p9q3 + 24p6q6 + 14p3q9 + q12)(p3 − q3) ,
2(p, q) =
p(p12 − 10p9q3 − 12p6q6 − 4p3q9 − 2q12)(p3 + 2q3)
(p12 + 14p9q3 + 24p6q6 + 14p3q9 + q12)(p3 − q3) .
(15)
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In fact, we can repeat this process any number of times to get an arbitrarily long
diophantine chain of cubes of the type
p3 + q3 = 31(p, q)+ 31(p, q) = 32(p, q)+ 32(p, q)
= · · · = 32n(p, q)+ 32n(p, q),
(16)
where i (p, q), i (p, q), i = 1, 2, . . . , 2n, are rational homogeneous functions of
p and q. The only solutions of the equation q/p = 2(p, q)/2(p, q) in positive
real numbers are given by p = 1q where 1 = 2.8094 · · · and p = 2q where
2 = 0.3559 . . .. Thus, if we choose rational numbers p and q such that the ratio q/p
is sufﬁciently close to 1, the ratio 2(p, q)/2(p, q) will also be close to 1, and in
fact it follows that for all even values of i, the ratios 2i (p, q)/2i (p, q) will be close
to 1.
In view of the above, we now construct a new diophantine chain using (16). We
take x1 = p, y1 = q, xi+1 = 2i (p, q), yi = 2i (p, q), i = 1, 2, . . . , n− 1, to get an
arbitrarily long diophantine chain
x31 + y31 = x32 + y32 = x33 + y33 = · · · = x3n + y3n, (17)
where xi, yi, i = 1, 2, . . . , n are rational homogeneous functions of p and q.
The polynomial equations xiyj − xjyi = 0, i = j, 1 in, 1jn, have a
ﬁnite number of solutions for the ratio q/p, and we will now choose positive rational
numbers p and q to avoid these ﬁnite number of solutions for the ratio q/p, and such
that the ratio q/p is sufﬁciently close to 1. Thus all the ratios yi/xi, i = 1, 2, . . . , n,
will be distinct as well as nearly equal to 1. It follows that with such a choice of the
parameters p and q, we will get a non-trivial solution of the diophantine chain (10) in
positive rational numbers. Moreover, if s denotes the common sum x3i + y3i , then since
each of the ratios yi/xi is nearly 1, s is nearly (1 + 31)x3i and it follows that the
numbers xi, i = 1, 2, . . . , n, are nearly equal, and the numbers yi, i = 1, 2, . . . , n,
are also nearly equal. Speciﬁcally, the cubes x31 , x32 and x33 are nearly equal, and hence
the sum of any two of them is greater than the third, that is, the integers x31 , x32 and
x33 satisfy the triangle inequality. Further, since for each i, yixi , we also have the
inequality
2(y31 + y32 + y33) > x31 + x32 + x33 . (18)
We also note that we can choose the rational numbers p and q in inﬁnitely many
ways while satisfying the conditions above, and so we can generate inﬁnitely many
diophantine chains of cubes of positive integers satisfying the aforementioned
inequalities.
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3. Sets of integers with numerous pairwise sums being cubes
3.1. A set of eight integers
We will now obtain eight integers such that all the six pairwise sums of four of
these integers are cubes and the four integers can be chosen in ﬁve ways, 9 of the 10
pairwise sums of ﬁve of the eight integers are cubes, 12 pairwise sums of six of the
integers are cubes, 15 pairwise sums of seven of the integers are cubes, and 18 pairwise
sums of the eight integers are cubes. The eight integers are expressed in parametric
terms so that we obtain inﬁnitely many numerical examples. Further, with a choice of
parameters, we can obtain inﬁnitely many examples of four positive integers such that
all of their six pairwise sums are cubes.
Let there exist integers xi, yi, i = 1, 2, 3 such that
x31 + y31 = x32 + y32 = x33 + y33 (19)
and let s denote the common sum x3i + y3i . We write
a1 = 4(−x31 + x32 + x33), a5 = 4(−x31 − x32 − x33 + 2s),
a2 = 4(x31 − x32 + x33), a6 = 4(−x31 + x32 + x33 − 2s),
a3 = 4(x31 + x32 − x33), a7 = 4(x31 − x32 + x33 − 2s),
a4 = 4(−x31 − x32 − x33), a8 = 4(x31 + x32 − x33 − 2s).
(20)
We then have
a1 + a2 = 8x33 , a1 + a3 = 8x32 , a1 + a4 = −8x31 ,
a2 + a3 = 8x31 , a2 + a4 = −8x32 , a3 + a4 = −8x33 ,
a1 + a5 = 8y31 , a2 + a5 = 8y32 , a3 + a5 = 8y33 ,
a1 + a7 = −8y33 , a1 + a8 = −8y32 , a2 + a6 = −8y33 ,
a2 + a8 = −8y31 , a3 + a6 = −8y32 , a3 + a7 = −8y31 ,
a5 + a6 = −8x31 , a5 + a7 = −8x32 , a5 + a8 = −8x33 ,
(21)
so that all the six pairwise sums of the integers of the ﬁve quadruples {a1, a2, a3, a4},
{a1, a2, a3, a5}, {a1, a2, a5, a8}, {a1, a3, a5, a7} and {a2, a3, a5, a6} are cubes;
9 of the 10 pairwise sums of the ﬁve integers a1, a2, a3, a5, ai, i ∈ {4, 6, 7, 8}
are cubes; 12 pairwise sums of the six integers a1, a2, a3, a4, a5, ai, i ∈ {6, 7, 8}
are cubes; 15 pairwise sums of the seven integers a1, a2, a3, a4, a5, ai, aj , {i, j} ∈
{{6, 7}, {6, 8}, {7, 8}} are cubes; and 18 pairwise sums of the eight integers a1, a2, a3,
a4, a5, a6, a7, a8 are cubes.
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We have already obtained several parametric solutions of the diophantine chain (19).
We thus have several examples of sets of eight integers, in parametric terms, satisfying
the desired properties. In view of the relations
a1 + a2 + a3 + a4 = 0,
a1 + a2 + a5 + a8 = 0,
a1 + a3 + a5 + a7 = 0,
a2 + a3 + a5 + a6 = 0,
(22)
it follows that the quadruples {a1, a2, a3, a4}, {a1, a2, a5, a8}, {a1, a3, a5, a7} and
{a2, a3, a5, a6} consist of both positive and negative integers. However, if a solu-
tion of the diophantine chain (19) is chosen suitably, the quadruple {a1, a2, a3, a5}
may consist of positive integers only. We note that assigning numerical integer values
to the parameters in the solutions given in Section 2.1 to obtain a solution of (19)
and then determining the integers ai generally generates quadruples {a1, a2, a3, a5}
consisting of both positive and negative integers. To obtain a numerical example of a
quadruple of positive integers, all of whose six pairwise sums are cubes, we use the
following diophantine chain that was obtained by trial:
276563 + 970033 = 409863 + 952833 = 427953 + 949323. (23)
This leads to the following quadruple of positive integers for which all the six pairwise
sums are cubes:
{46511824047188, 122710668084140, 504291552794860, 6797769916157356}.
We will now describe a method of obtaining inﬁnitely many quadruples of positive
integers such that all of their six pairwise sums are cubes. We note that
a5 = 43
{
2
(
y31 + y32 + y33
)
−
(
x31 + x32 + x33
)}
. (24)
It follows from (20) and (24) that if we obtain a solution of (19) in positive integers
such that the integers x31 , x
3
2 , x
3
3 satisfy the triangle inequality and in addition, the
inequality (18) is satisﬁed, then all the integers of the quadruple {a1, a2, a3, a5} will
be positive. We have already seen in Section 2.2 how inﬁnitely many diophantine
chains of cubes satisfying the aforementioned inequalities may be constructed. Using
such diophantine chains, we can generate inﬁnitely many quadruples {a1, a2, a3, a5}
of positive integers such that all of their six pairwise sums are cubes. As a numerical
example, if we construct a solution of (19) in positive integers following the method
described in Section 2.2 by taking p = 5 and q = 14 when q/p = 2.8 is nearly
1 = 2.8094 . . . , we get four positive integers, three of 798 digits and one of 800
digits, such that all of the six pairwise sums of these integers are cubes.
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We have obtained several sets of ﬁve integers in parametric terms such that 9 of
their pairwise sums are cubes. For every such parametric solution, it is possible to
derive a condition such that the 10th pairwise sum of these ﬁve integers is also a cube.
However, all these conditions are diophantine equations of high degree and limited
trials did not yield any solution such that all 10 pairwise sums of ﬁve integers are
cubes.
We ﬁnally note that, in general, no two integers ai, aj deﬁned by (20) are such that
ai + aj = 0. Thus ±ai, i = 1, 2, . . . , 8 are 16 integers such that 44 of their pairwise
sums are cubes. This includes 8 pairwise sums that are 0.
3.2. A set of 2(n+ 1) integers
We now give, for an arbitrary positive integer n, a set of 2(n+ 1) integers such that
5n+ 1 of the (n+ 1)(2n+ 1) pairwise sums of these integers are cubes. The 2(n+ 1)
integers are expressed in parametric terms and with a choice of parameters we get
5n+ 2 pairwise sums as cubes.
We will use a solution in integers of the diophantine chain (10). Let s denote the com-
mon sum x3i +y3i , and m be an arbitrary parameter. We now choose a0, a1, . . . , an, b0,
b1, . . . , bn, as follows:
a0 = 4(m3 + s), ai = 4(x3i − y3i −m3), i = 1, 2, . . . , n,
b0 = 4(m3 − s), bi = 4(−x3i + y3i −m3), i = 1, 2, . . . , n,
(25)
so that a0 + b0 = 8m3 and for each i, we have
ai + bi = −8m3,
a0 + ai = 4(s + x3i − y3i ) = 8x3i ,
a0 + bi = 4(s − x3i + y3i ) = 8y3i ,
b0 + ai = 4(−s + x3i − y3i ) = −8y3i ,
b0 + bi = 4(−s − x3i + y3i ) = −8x3i .
(26)
This shows that for each i all the six pairwise sums of the four integers a0, b0, ai, bi
are cubes, and it follows that, for integer values of m, (25) gives 2(n + 1) integers
such that 5n+ 1 of their pairwise sums are cubes. Further, we note that
a1 + a2 = 4(x31 + x32 − y31 − y32 − 2m3) = 8(x31 − y32 −m3). (27)
In the identity (12), we may assign to the arbitrary parameters p, q the values x1 and
−y2, respectively, and take m = 1(p, q) when the sum a1+a2 = 832(p, q), and now
(25) gives 2(n+1) rational numbers such that 5n+2 of their pairwise sums are cubes.
As noted earlier, this leads to a set of 2(n+ 1) integers a0, a1, . . . , an, b0, b1, . . . , bn,
such that 5n+ 2 pairwise sums of these integers are cubes.
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We ﬁnally note that since 5n + 2 pairwise sums of the integers ai, bi, i =
0, 1, 2, . . . , n are cubes, and in general no two of these integers are such that their sum
is 0, it follows that 12n+6 pairwise sums of the 4(n+ 1) integers ±a0, ±a1, . . . ,±an,
±b0, ±b1, . . . ,±bn, are cubes. This includes 2(n+ 1) pairwise sums that are 0.
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